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A BRIEF NOTE ON THE SECOND FUNDAMENTAL FORM
OF THE VARIATION OF HODGE STRUCTURE OF A
SMOOTH PROJECTIVE HYPERSURFACE
EMMANUEL ALLAUD
In this brief note we are interested in understanding the second order of a
variation of Hodge structure of the primitive cohomology associated to the
universal family X of projective hypersurfaces:
s 7→ Xs = {fs = 0} with fs ∈ S
d(Cn+2)
where X = X0 is smooth.
A lot has already been done with respect to the infinitesimal variation of
Hodge structure, see [Gri68] and [Voi02], [Voi03] for example. Here we inves-
tigate the second fundamental form II of the variation of Hodge structure,
and we get this description:
(1) ∀u, v ∈ TXX , II(u, v) = u ◦ v
where the operator is just usual composition of linear operators (Griffiths’s
transversality ensures that this is symmetric).
The main ingredient here is the identification of the infinitesimal variation
of Hodge structure and its action on the cohomology with pieces of the ja-
cobian ring of X and its multiplication. We briefly recall here its definition
and then prove our result.
Let X = {f = 0} be a smooth projective hypersurface of dimension n and
degree d, f ∈ Sd(Cn+2) and the universal family of hypersurfaces X :
s 7→ Xs = {fs = 0} with fs ∈ S
d(Cn+2) and f0 = f
Let S = Sd(Cn+2) and the jacobian ideal J =
(
∂f
∂xi
)
then we define the
Jacobian ring of X by
R = S/J.
The primitive cohomology of X and the infinitesimal variation of Hodge
structure T = TXX are identified to some pieces of its jacobian ring via
residues as described (for example) in [Voi03]; this is summarized by the
following commutative diagram:
(2)
T −−−−→ hom
(
Hn−q,q,Hn−q−1,q+1
)
y
y
Rd
×
−−−−→ hom
(
R(q+1)d−(n+2), R(q+2)d−(n+2)
)
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The vertical arrows are the residues isomorphisms (or the obvious maps
induced by them), the upper arrow is the action of T on Hn−p,p and the
lower one is the multiplication in R.
The identification is as follows (see [Don83]): let α ∈ Hn−p,p(X) be
mapped to [P ] ∈ R via residues, that is α is represented by the meromorphic
form PΩ
fp+1
, we have:
(3)
∂ PΩ
f
p+1
s
∂s
|s=0= −(p+ 1)
∂fs
∂s
|s=0 PΩ
fp+2
which is viewed as a class in Hn−(p+1),p+1(X). This gives the usual identifi-
cation of the infinitesimal variation of Hodge structure to the action of Rd
on R by multiplication.
To establish the result about the second fundamental form of the variation
of Hodge structure we go on differentiating once more to check what happens
at order 2; this time take fs,t ∈ S
d:


∂2 PΩ
f
p+1
s,t
∂t∂s


s=0,t=0
= −(p+ 1)
∂2fs,t
∂t∂s s=0,t=0
fp+2 − (p+ 2)
∂fs,t
∂s s=0
∂fs,t
∂t t=0
fp+1
f2p+4
PΩ
= −(p+ 1)


∂2fs,t
∂t∂s s=0,t=0
PΩ
fp+2
− (p+ 2)
∂fs,t
∂s s=0
∂fs,t
∂t t=0
PΩ
fp+3


The first term is in the image of the infinitesimal variation of Hodge struc-
ture and then is quotiented out as we are talking about the 2nd funda-
mental form, the second term is in Hn−(p+2),p+2(X) and is represented in
the jacobian ring by the multiplication in R by
∂fs,t
∂s
|s=0
∂fs,t
∂t
|t=0, that is
II
(
∂fs,t
∂s
|s=0,
∂fs,t
∂t
|t=0
)
is given by the composition of the action of
∂fs,t
∂s
|s=0
and
∂fs,t
∂t
|t=0 on H
n(X). More generally we have for u, v ∈ TXX up to a
multiplicative constant :
II(u, v) = u ◦ v
remembering that u ◦ v = v ◦ u as a consequence of the horizontality condi-
tion.
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